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Abstract 
The dimensional structure of hereditarily indecomposable continua is studied. That leads 
to a short construction of hereditarily infinite dimensional compacta. 
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By a hereditarily infinite dimensional compactum we mean an infinite dimen- 
sional compactum all whose closed finite dimensional subsets are zero-dimen- 
sional. In 1925 Tumarkin stated the following problem: Does there exist a 
hereditarily infinite dimensional compactum? It remained unsolved till 1965 when 
Henderson gave the positive answer to Tumarkin’s problem. In 1979 this result of 
Henderson was generalized by Walsh who constructed an infinite dimensional 
compactum containing no finite dimensional subspaces of dimension > 0. There 
are a few approaches for constructing Henderson and Walsh type examples, for 
comparatively short constructions and related topics see [2-41. In this paper we 
present a new approach to the construction of Henderson type examples based on 
hereditarily indecomposable continua. 
A continuum is indecomposable if it is not the sum of two proper subcontinua. It 
is hereditarilj, indecomposable if each of its subcontinua is indecomposable. We will 
say that a compactum is a Bing compactum if each of its subcontinua is indecom- 
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posable. It is clear that every subcontinuum of a Bing compacturn is hereditarily 
indecomposable. In [l] Bing proved the following 
Bing’s theorem. Every two disjoint closed subsets of a compactum can be separated 
by a Sing compactum. 
Lemma 1. Let F be a compactum and let H be the union of all components of F of 
dimension at most k. Then dim H G k. 
Proof. Let G be the space of components of F, let p be the quotient map of F on 
G, and apply the Hurewicz theorem to p 1 H. q 
Let X be a compactum. For a real t > 0 denote by X,,, the union of all 
nondegenerate subcontinua of X of dimension < k and diameter z t. 
Theorem 2. Let X be a Bing compactum. Then dim X,,, < k. 
Proof. Let F be a closed subset of X of diameter < t. The components of F of 
dimension <k cover X,,, n F. Indeed, let x be in X, f n F. Then x is in some 
continuum A of dim < k and diam > t, and in some component B of F. Clearly 
diam B < t, and as A U B is indecomposable B must be contained in A so dim B 
=G k. Let H be the union of all components of F of dim < k. H covers X, t n F, 
and by Lemma 1, dim H G k. Since X and also X,,, can be covered by finitely 
many closed sets F of diam < t, dim X, I G k and we are done. 0 
From Theorem 2 it immediately follows 
Theorem 3. The union of all nondegenerate finite dimensional subcontinua of a Bing 
compactum is countable dimensional (i.e., the countable union of zero-dimensional 
subspaces). 
We recall that a family of pairs of disjoint closed subsets (A,, B,), n = 1, 2, 3,. . . 
of X is essential if for every closed C, separating A, and B,, n n, ,C, is not 
empty. X is strongly infinite dimensional if it has such an essential family and X is 
weakly infinite dimensional if it has no essential families. 
Let (A,, B,) be an essential family for X. It is easy to check that every closed 
C, separating A,, and B, is also strongly infinite dimensional. So by Bing’s 
theorem every strongly infinite dimensional compactum contains a strongly infinite 
dimensional Bing compactum. 
Theorem 4. Every strongly infinite dimensional compactum contains a hereditarily 
infinite dimensional compactum. 
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Proof. Let X be a strongly infinite dimensional compactum. By the above we may 
assume X is a Bing compactum. Let (A,, B,) be an essential family for X. By 
Theorem 3, A, and B, can be separated by C, such that C = n np &, does not 
meet the union of all nondegenerate finite dimensional subcontinua of X and 
therefore C does not contain finite dimensional compacta of dim > 1. C is not 
zero-dimensional as dim C = 0 would allow separating A, and B, avoiding C. So 
C is the desired subspace of X. 0 
Using the analogue of Lemma 1 for weakly infinite dimensional components we 
can get in the same way 
Theorem 5. The union of all nondegenerate weakly infinite dimensional subcontinua 
of a Bing compactum is weakly infinite dimensional. 
Theorem 6. Every strongly infinite dimensional compactum contains a hereditatily 
strongly infinite dimensional compactum. 
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